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I. INTRODUCTION
Given the importance of neutrino mixing and oscillations in elementary particle physics, it is not surprising that a great deal of work has been recently devoted to some related theoretical issues. One of such aspects is the problem of the definition of flavor states, i.e. the ones describing the mixed and oscillating neutrinos. The well known Pontecorvo states [1] - [13] in Quantum Mechanics (QM) provide certainly a good tool for capturing the main observable features of oscillating neutrinos. However, conceptual problems appear in conjunction with a proper definition of the flavor states in the Pontecorvo formalism. In fact, it was even stated [13] that it is impossible to construct flavor states and a formalism has been developed in order to avoid the use of the flavor states in the calculation of oscillation probabilities [14] .
The root of such difficulties has been found by tackling the problem in the context of Quantum Field Theory (QFT), where it has emerged [15] that the field mixing is associated with the unitarily inequivalent representations. The vacuum for the mass eigenstates of neutrinos turns out to be unitarily inequivalent to the vacuum for the flavor eigenstates of neutrinos. The non-perturbative vacuum structure associated with the field mixing [15] - [29] leads to a modification of flavor oscillation formulas [16, [20] [21] [22] [23] [24] , exhibiting new features with respect to the usual quantum mechanical ones [1] - [7] . The theoretical understanding of the mixing phenomena in the framework of QFT has also been confirmed by mathematically rigorous analysis [30] . One of the offsprings of the correct QFT treatment consists in the fact that it has also led to consider, from the perspective of particle mixing, other physically relevant problems which would have not been possible to handle by resorting to the Pontecorvo QM approximation. For example, we quote the existence of pulsating neutrino currents in the vacuum [31] as well as the analysis of Lorentz invariance [27, 28] and neutrino mixing contribution to the dark energy of the Universe [32, 33] . The interested readers may consult Refs. [15-17, 19-28, 31-34] .
In this paper, we consider the concrete problem of computing the amplitudes of weak interaction processes such as W + → e + + ν e and W + → e + + ν µ . We analyze these processes using the QFT mixing formalism, the Pontecorvo formalism and the representation of Ref. [38] . Considering these amplitudes in the short time limit, i.e. at very small distances from the production vertex, we find that the QFT mixing formalism leads to the results consistent with the lepton charge conservation (at tree level) expected in the Standard Model(SM), whereas the Pontecorvo states as well as the representation of Ref. [38] produce a violation of the lepton charge in the vertex. We also show that adopting the long time limit leads to the result inconsistent with the weak interaction Hamiltonian regardless of the formalism that we take. This inconsistency is due to the fact that the long time limit yields the averaged neutrino oscillation effect. Therefore, the paradox claimed in [35] does not exist in the formalism itself but gets in the long time limit erroneously taken for the analysis of mixing phenomena. The Lehmann-Symanzik-Zimmermann (LSZ) asymptotic condition in QFT [36] should not be taken in the analysis that requires the short time limit. For the analysis of mixing phenomena, there are two drastically different time scales since the weak interaction time scale is extremely shorter than the neutrino oscillation time scale. Thus, the long time limit in LSZ formalism should not be taken in the weak interaction processes that we present in this work.
In Section II we analyze the amplitudes of the weak interaction processes W + → e + + ν e and W + → e + + ν µ by using the QFT flavor states and then by using the Pontecorvo states. Both of them are treated as LSZ states and the consequences are discussed in Section III. In Section IV, we consider the explicit form of the above amplitudes for finite time intervals ∆t, and in particular for the case ∆t → 0. Section V is devoted to conclusions. A brief summary of the vacuum structure for Dirac neutrino mixing is presented in the Appendix A. In the Appendix B, we compute the amplitude of weak interaction processes in the representation of Ref. [38] .
II. AMPLITUDES OF WEAK INTERACTION PROCESS CONTAINING FLAVOR NEUTRINOS
Some general features of the QFT formalism for neutrino mixing are better understood in concrete computations of physically interesting quantities. We thus compute in Section II.A the amplitude of decay processes W + → e + + ν e and W + → e + + ν µ by using the QFT flavor states, defined as the eigenstates of flavor charges (see the Appendix for notations and definitions):
In Section II.B, we calculate the same amplitudes by using the Pontecorvo mixed states |ν r k,e P = cos θ |ν
In Appendix B, we perform the computation also for the flavor states in the representation introduced in Ref. [38] . The amplitudes computed in this Section will be analyzed both in the long time limit and the short time limit in Sections III and IV, respectively.
A. QFT flavor states
We present the detailed calculation in the tree level approximation using the QFT mixing formalism for the decays
where neutrinos are produced through charged current processes. Although our computations are specific for these decay processes, our conclusions are general and hold for all the different neutrino production processes. The Hamiltonian responsible for the decay (4) is [7] 
where W + (x), e(x) and ν e (x) are the fields of the boson W + , the electron and the flavor (electron) neutrino, respectively.
Let us first consider the process W + → e + + ν e . Assuming that the decay takes place at time t = x 0 I , the amplitude of the decay in the first order of perturbation theory is given by
and
Eq. (7) becomes
where x 0 I = 0 is taken. We now consider the process W + → e + + ν µ . By using the Hamiltonian (6), we get
Eq. (12) becomes
where x 0 I = 0 is taken again.
B. Pontecorvo states
We now compute the same amplitudes for the processes (4) and (5) by using the Pontecorvo states (2) and (3) instead of the QFT flavor states.
For the decay W + → e + + ν e , Eq. (10) is replaced by
and the amplitude A P W + →e + +νe (the superscript P denotes the amplitude computed with Pontecorvo states) becomes
For the decay W + → e + + ν µ , Eq. (13) is replaced by
and the amplitude A P W + →e + +νµ is given by
The general expressions given by Eqs. (11) and (14) as well as Eqs. (16) and (18) will be analyzed in the long and short time limits in Sections III and IV, respectively.
III. AMPLITUDES IN THE LONG TIME LIMIT
In the scattering theory for finite range potentials, it is assumed that the interaction Hamiltonian H int (x) can be switched off adiabatically as x 0 in → −∞ and x 0 out → +∞ so that the initial and final states can be represented by the eigenstates of the free Hamiltonian. However, in the present case, and more generally in the decay processes where the mixed neutrinos are produced, the adiabatic hypothesis cannot be blindly applied as done in Ref. [35] . Indeed, the flavor neutrino field operators do not have the mathematical characterization necessary in order to be defined as asymptotic field operators acting on the massive neutrino vacuum. Moreover, the flavor states |ν r k,σ are not eigenstates of the free Hamiltonian. The integration limits in the amplitudes of decay processes where mixed neutrinos are produced must be chosen so that the time interval ∆t = x 0 out − x 0 in is much shorter than the characteristic neutrino oscillation time 1 . To appreciate better the difference between the long and short time limits in the analysis, we first briefly go over the analysis of the amplitudes for the decay processes (4) and (5) in the long time limit by using QFT flavor states. We then do the same by using the Pontecorvo states and compare the two results. In the next Section (Section IV), we present the corresponding analyses in the short time limit. 
This result reproduces Eq.(3.9) of Ref. [35] . We point out that the antineutrino contributions to the vacuum condensate are accounted in the |V k | terms of Eq. (19) . One should not be misled (as in [35] ) by the sign of the corresponding energies in the above delta functions, since negative ω k,2 , appearing in the δ's as +ω k,2 , represents the contribution of antiparticles in the flavor vacuum condensate, as usually it happens in QFT. Contrary to the claim of the authors of [35] , there is nothing paradoxical or wrong in these signs. As explained in any textbook of condensed matter physics or high energy physics, holes or antiparticle creation operators are equivalent to the destruction operators of negative energy (i.e. they enter in the negative frequency part of the field operators [36] ).
It is also convenient to rewrite Eq.(19) by using the relations (A13) and (A14) in the Appendix A as
In a similar way, the amplitude A W + →e + +νµ in Eq. (14) becomes
This reproduces Eq.(3.13) of Ref. [35] . As in the previous case, we use Eqs.(A13) and (A14) and rewrite the amplitude A W + →e + +νµ as
B. Pontecorvo states By using the adiabatic hypothesis, the amplitude A P W + →e + +νe in Eq.(16) becomes
In this computation, the flavor vacuum effects due to the vacuum condensation are excluded. In the relativistic limit 
Again, the Pontecorvo result Eq. (24) and the QFT result Eq. (22) coincide when
The amplitudes given by Eqs. (22) and (24) are not zero. In particular, the branching ratio of the off-diagonal mode to the normal diagonal mode defined by
is not zero. Thus, the result in the long time limit is different from the corresponding branching ratio in the SM with massless neutrinos. This inconsistency is due to the fact that the LSZ asymptotic condition should not be applied in the analysis that requires the short time limit. However, if one is interested in the time averaged neutrino oscillation effect, then the above branching ratio is the averaged (over time) oscillation ratio of P (ν e → ν µ ) to P (ν e → ν e ) as observed in Ref. [35] for the Pontecorvo states.
IV. AMPLITUDES IN THE SHORT TIME LIMIT
Let us now consider the explicit form of the above amplitudes for finite time intervals ∆t, and in particular for the case ∆t → 0. We analyze the amplitudes using the QFT flavor states first and then the Pontecorvo states. Comparing the two results, we show the difference.
A. QFT flavor states
Let us consider the decay A W + →e + +νe . By using Eqs.(A13) and (A14), we rewrite the amplitude given by Eq. (11) as
Assuming x 0 in = −∆t/2 and x 0 out = ∆t/2, we have
For small ∆t, we can expand Eq.(27) as a power series and obtain the following result in the first order of ∆t:
Taking into account Eq.(A15), we have
In a similar way, by using Eqs.(A13) and (A14), we rewrite the amplitude A W + →e + +νµ given by Eq. (14) as
With x 0 in = −∆t/2 and x 0 out = ∆t/2, we have
Expanding Eq.(31) as a power series, we obtain the following result in the first order of ∆t:
Taking into account Eq.(A13), we get
This means that, as it should be, the lepton charge is conserved in the vertex. This shows an indisputable evidence of the consistency between the QFT treatment of mixed states and the phenomenology from the SM.
B. Pontecorvo states
Assuming x 0 in = −∆t/2 and x 0 out = ∆t/2, we find in the first order of ∆t that the amplitude A P W + →e + +νe given in Eq. (16) becomes
By using Eq.(A13), we have
Being in the relativistic limit:
where ∆m = m 2 − m 1 , Eq.(35) can be written as
Neglecting the terms of order O ∆m 2k , we have
In a similar way, the amplitude of Eq. (18), i.e. A P W + →e + +νµ , becomes for small ∆t
Since A P W + →e + +νµ is not zero in the first order of ∆t, this result leads to a violation of lepton charge in the tree level vertex. Thus, this treatment does not offer a consistency with the SM phenomenology.
Utilizing Eq.(A13), Eq.(39) can be written as
Using Eq. (36), we obtain the following result in the first order of ∆m 2k :
By taking into account Eqs. (38) and (41), we get the following branching ratio
This result clearly shows that the use of Pontecorvo states leads to a violation of the lepton charge in the production vertex. Although the effect is small for relativistic neutrinos, it can be considerable for non-relativistic ones. Similar results are obtained also when the above branching ratio is computed by using the representation of flavor states introduced in Ref. [38] (see Appendix B).
On the contrary, the use of QFT flavor states given by Eq.(A4) leads to the consistent results given by Eqs. (29) and (33) . This consistency is due to the correct treatment of the flavor states defining them as the eigenstates of flavor charges [16] .
Another way to understand the results of this Section is to observe that the amplitudes in the short time limit give information on the decay process very close to the vertex. Thus, one can read the wavefunction associated with the electron neutrino state u r k,νe in the amplitudes given by Eqs. (29) and (34) . In the case of QFT flavor states, the amplitude given by Eq. (29) (33)). On the other hand, in the case of Pontecorvo states, the amplitude given by Eq.(34) suggests the identification:
Such a wavefunction, however, is not normalized properly as one can easily see: 
where we have used the orthonormality relations given in Appendix A and the relations given by Eq.(A7). Being |U k | < 1 for m 1 = m 2 , the above wavefunction is not normalized to be unity. Thus, it contradicts to the above physical picture in the tree level SM. Note also that the other amplitude given by Eq.(39) contains the wavefunction u 
which is just the missing piece necessary for the normalization of u 
V. CONCLUSIONS
In this paper we have analyzed the amplitudes of the weak interaction processes where flavor neutrinos are generated. We have done explicit computations at tree level for the processes W + → e + + ν e and W + → e + + ν µ in a few different formalisms such as the QFT formalism, the Pontecorvo formalism as well as the representation of Ref. [38] . The fact that oscillating neutrinos are not [15, 34] Lehmann-Symanzik-Zimmermann fields in QFT [36] requires that one cannot perform integrations in time from t = −∞ to t = +∞. We have shown that adopting such integration limits leads to the result inconsistent with the weak interaction Hamiltonian in all of the considered formalisms. However, these contradictions are due to the fact that the long time limit produces an averaged neutrino oscillation effect. Thus, they are not intrinsic to these formalisms per se.
We have then considered the same amplitudes for the short time limit, i.e. at very small distances from the production vertex. In this case, we found that the QFT formalism leads to consistent results, whereas the Pontecorvo formalism as well as the representation of Ref. [38] yield a violation of the lepton charge in the vertex. Therefore, the consistency with the SM phenomenology can be attained only in the QFT mixing formalism.
